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1. Introduction

We consider the following generalized fractional minimax problem

(P) minimize  sup /%)
yeyY h(x7 y)

subject to  g(x) <0,

where
(a) Y is a compact subset of R™,
(b) f(-,):R"xXR™—R is a differentiable function,
(©) h(-,-):R"xR"—=R is a differentiable function,
(d) g(-):R"—=R” is a differentiable function.

In addition, we require
flx,y)=0 and h(x,y) >0 V(x,y) € XxY,
where X = {x € R" : g(x) <0} is the set of feasible solutions of problem

P).

For the case of convex differentiabe minimax fractional programming,
Yadav and Mukherjee (see Ref. [1]) formulated two dual models and
established some duality results. Later, Chandra and Kumar (see Ref. [2])
pointed out certain omissions and inconsistencies in the formulation of
Yadav and Mukherjee in [1], and they constructed two modified dual
models and proved duality theorems for the convex differentiable
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fractional minimax programming. To relax the convexity assumptions in
theorems on sufficient optimality conditions and duality, various general-
ized convexity concepts have been proposed. In [3] Liu, Wu and Sheu
relaxed the convexity assumptions on the sufficient optimality in [2] and
employed the optimality conditions to construct one parametric and two
parametric-free dual models. They also established weak duality, strong
duality, and strict converse duality theorems involving pseudoconvex and
quasiconvex functions. Recently, Liu and Wu (see Refs. [4, 5]) derived
the sufficient optimality conditions and duality theorems for the general-
ized fractional minimax problem in the framework of invex functions and
(F,p)-convex functions, respectively. We also note that there were some
new ideas of Bector, Suneja and Gupta [6], Rueda, Hanson and Singh [7]
proposed on generalized convexity. In this paper,based on the ideas of
Bector, Suneja and Gupta [6], Rueda, Hanson and Singh [7] and the con-
cepts of (F, p,0)- pseudoconvexity as well as (F, p, 0)-quasiconvexity in [5]
we present the new concepts which extend the class of generalized con-
vexity in [5-7]. Motivated by Chandra and Kumar [2] and Liu et al.
[3-5], we introduce a new dual model for the generalized fractional mini-
max programming problem (P). Our dual model unifies two dual models
of [4, 5] and includes some new dual models as special cases. We also
establish sufficiency and duality for the generalized fractional minimax
programming problem (P) with weakened convexity. Thus, this article
unifies and extends the results of [4, 5] in the framework of generalized
convexity and dual models.

The organization of the article is as follows. Some definitions and nota-
tions are given in Section 2. The sufficient optimality conditions are estab-
lished in Section 3. By employing the sufficient conditions, we formulate a
dual model and derive a number of duality results in Section 4.

2. Notations and Preliminary Results

Throughout the article we let

J=A{1,2,...,p},
J(x) ={j€J:glx) =0},
flx,y) flx,2) }
x,z) )’
I <s

Yix) = {y S ) TS

K={(s,1,y) € NxR| xR™ :
t=(t1,...,t;) € RS with Zt,-: 1 and
i=1

y=W1,...,ys) with y; € Y(x), i=1,...,s for some x € X}.
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We assume the gradient V = V, is with respect to the variable x.

In order to establish the sufficient optimality conditions in Section 3, we
first recall the following necessary conditions for optimality of (P) given by
Chandra and Kumar in [2].

THEOREM 2.1 (Necessary conditions) [2]. Let x* be a (P)-optimal solution
and let Vgi(x*),j € J(x*) be linearly independent. Then there exist
(s*;1;9) € K,v* € R and p* € RY., such that

s* p
D VAN i) = VVA( 3)} + Y Vg(xT) =0, (1)
=1 =1
SIxX5 ) = vh(x*y) =0, i=1,...,5, (2)
Vi
> weg(xt) =0, (3)
= ;.
peRL >0, =1, yyeY(x%), i=1,...,s" (4)

i=1
We also need the following definition in the sequel.

DEFINITION 2.1. A functional F: X x X x R" — R (where X C R") is said
to be sublinear if for (x,xp) € X x X,

F(x,xo;a1 + ap) < F(x,x0;a1) + F(x,x0;a2) Vay,a; € R"
and

F(x, xo;0a) = oF(x,x0;a) Yo €R, «>0and a € R".

It is obvious that F(x, x(;0) = 0.

3. Sufficient Conditions

In this section, we obtain sufficient optimality conditions for (P) based on
the ideas of Rueda, Hanson and Singh in [7].

Let F:X x X xR"— R be sublinear, ¢;, ¢;:R— R, 0:R" x R" — R",
and bg,b;: X x X — R,. Let py, p; be real numbers.

THEOREM 3.1  (Sufficient condition). Suppose that (x*,v*, u*,s* t*,y) sat-
isfies relations (1)—(4) and there exist F,0, ¢, bo, py and ¢, b1, p, such that
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F<x,X*;Z GV (" pi) = V*h(X*7yf))> > — poll00x, x|
i=1

= bo(x, X*)¢0 (2 t;'k(f(x7yi) - V*h(x7yi))

i=1
3 ) - v*h(x*,yo)) >0 (5)
i=1

and

p p
_b1 x x* <Zujg] ) <0 = F(x,x*;ZH;‘ng(x*)>

=1
< = pilI0Gx, x| (6)

Further, assume
az0 = ¢,(a)=0, (7)
$o(a) =20 = a>0, (8)
bo(x,x*) >0, bi(x,x") >0, 9)
po + p1 =0. (10)

Then x* is an optimal solution of (P).

Proof. We proceed by contradiction. Suppose to the contrary that x* is
not an optimal solution for (P). Then there exists a (P)-feasible point Xx,
such that

o S5 pi) fx,)

= > su , i=1,...,5".
h(X*7yl) yel})’h(x7y)
Thus, we have
f(xvy)_v*h(xvy)<0 vye Y. (11)
By (2), (4) and (11), we obtain
> H(fx,vi) = vh(x, 1) Zr (Fx, 1) = Vh(x", 1), (12)

i=1

On the other hand, from (3), (7) and (9) we have
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—by(x,x") (Zu,g, ) 0,

which by (6) implies

P
F(x,x*;zu;fwx*)) < — il )P
J=1

It follows from (1), the sublinearity of F and (10) that

F<x,X*;Z 6 (VAX, i) = V*Wl(x*,yf))> > — poll0(x, x| .

i=1
Then, by (5) we have

o(x,x" ¢O<Z[ (f(x,31) =v*h(x,pi)) Zl(f X5, pi) = vih(x >yi))>>0'

Finally from (8) and (9), we conclude that

Zt(fxyz—vhxyz Zt(f X' 5i) = vh(x", yi) = 0,

which is a contradiction to (12). Therefore, x* is an optimal solution for
(P). The theorem is proved.

Remark 3.1. If ¢o(t) = ¢, (1) =t and bo(x,x*) = bi(x,x*) =1, then
clearly Theorem 3.1 reduce to Theorem 3.1 in [5]. If ¢y(7) = ¢,(¢)
=1, bo(x,x") = bi(x,x") = 1,py = p; = 0, F(x,u;a) = nx, u)"a, where 1 is
a functional from X x X to R”, then Theorem 3.1 reduce to Theorem 2.2
in [4].

The following example shows that the conditions of Theorem 3.1 are
weaker than the sufficient conditions in [4, 5].

EXAMPLE 3.1. Let f(x,y) =cosx +*> +1,h(x,y) = 1,g:(x) =0,i = 1,2,
—op, Y =[-1,1],X =(0,2xn). It is obvious that Y(x)={-1,1}. Let
Y(x) = supy f(x,y)/h(x,y). Then ¥(x) =cosx + 2. We note that x = is
an optimal solution for miny supy f(x, y)/h(x,y). If F(x,x*,y) = n(x,x*)"y,
and n(x,y) =y —x,p0 =0,p; =0, and 6 =0, then Y(x) is not (F, py,0)-
pseudoconvex at x* = n. Thus, using the result in [4, 5], we can not show
that x* = 7 is an optimal solution of minysupy f(x,y)/h(x,y). However, if
we define
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X<x<n, 0<x*<m,

X 0, x<m 0<x"<m,

bO(xax): « .
-1, T<x <X, <X <2m,

0, x<n, n<x*<2nm,

Oo(?) = ¢, (1) = 1,b1(x,x*) = 1,py = p; =0, then, f(x,y) and h(x,y) =1
satisfy the conditions of Theorem 3.1 at x* = n. Therefore x* = x is an
optimal solution for miny supy f{x, ).

THEOREM 32. Suppose that (x*,v*,u*,s*, t*,y) satisfy relations (1)—~(4) and
there exist F, 0, ¢, bo, pg and ¢y, by, p; such that

F<x,x*;z GV (X, i) — V*h(X*,yi))> > — poll0(x, x|
i=1

= bo(x,x") (Z zj.‘(f(x,y,-) — (X, 1))
i=1 .
- Z G (X" 2i) = V*h(X*,y,-))> >0, (13)
i=1

or equivalently,

0(x, X ¢0<Zt (Fx, i) =v*h(x, 1)) Zt X", yi)— h(x*,yi))> <0

i,F(x, SRV ) —v*h(x*,yf») < —poll0x,x)

i=1

(14)

and

P
—by(x,x%) (Z ,u]g, ) <0 = F(x, x*;ZujV&»(x*))
=1

< = pil00x, ). (15)
Further, assume (7), (9), (10) and

a<0 = ¢yla) <0, (16)

are satisfied. Then x* is an optimal solution of (P).

Proof. Suppose that x* is not an optimal solution for (P). Then there
exists a (P)-feasible point x, such that

f(X*vyi) f(xvy) .
V=" > su , i=1,...,5"
h(X*7yi) yegh(xmy)
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Thus, we have

f(x7y) - V*h(xvy) <0 vy S (17)
By (2), (4) and (17), we obtain
Zf(fx yi) = v'h(x, y)) Zt(f X", i) = v h(x7, i) (18)

Using (18), (16), (9) and (14), we have
F<x,x*;2r:vv<x*,yi> - v*h(x*,m)) < —poll0x, x°)] (19)
i=1

By (9), (7), (15) and (3) it follows that
P
F<X7X*;ZH7ng(X*)> < = pl06e, )| (20)
=1

Now, on adding (19) and (20), and making use of the sublinearity of F and
(10), we obtain

5 P
F<X7X*;Z t;v(f(X*7yi) - v*h(X*7yi)) + ZMJ*Vg](x*)) <O0.
i=1

=1
On the other hand, (1) implies

P
Flx, sz X0i) = VRO ) + 3 Vg (7)) = 0.

J=1

Hence we have a contradiction. Therefore, x* is an optimal solution for
(P). This completes the proof of the theroem.

THEOREM 3.3. Suppose that (x*,v*, u*,s*, t*,y") satisfy relations (1)~(4) and
there exist F, 0, ¢y, bo, pg and ¢y, by, p, such that

(x,x d)o(Zl (Ax,p) —=v"h(x,i)) Zt (Ax",yi) —v"h(x m))) <0
=>F(XJ*;ZITV(/"(X*M)—V*h(X*zyi))> < —po|0(x,x") |2 (21)
and =

D
( Z Vgi(x ) > — py[|0(x, x|
p= )
= —b1(x,x")¢, (Z ,u_;.‘gj(x*)> >0. (22

J=1
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Further, assume (7), (9), (10) and (16) are satisfied. Then x* is an optimal
solution of (P).

Proof. The proof is similar to that of Theorem 3.2 and hence omitted.

4. Duality Theorems

In this section, we present a new dual model for (P) and establish weak,
strong, and strict converse duality results for (P).

To unify and extend the dual models in [4, 5], we need to divide
{1,2,...,p} into several parts. Let J,(0 <a<r) be a partition of
{1,2,...,p}, that is,

Jy #Jp for a# p  and UJM:{1,2,...,p}.
=0

We note that for (P)-optimal x*, (3) implies
Zujgj(x*) =0, a=0,1,...,r.
JjeJy

We now recast the necessary conditions in Theorem 2.1 in the following
form.

LEMMA 4.1 (Necessary conditions). Let x* be a (P)-optimal solution and
let Vgi(x*),je J(x*) be linearly independent. Then there exist
(s*,1%,y) € K,v" € R, and u* € RE such that

5% s* p
(Z % ’“X’*%‘)) v (Z )+ u_;*g.f(x*))
=1 =

i=1

- (ES: Z:'Kf(x*7yi) + Z ,u;kg](x*)> \Y (ZS: l:fh(X*vyi)> =0, (23)
i=1

i=1 JjeJo
Z‘u]*g]<x*):0’ Olzl,...7}", (24)
J€Ju
S*
wERL, 520, Y =1, yeY(), i=1,..,5, (25)
i=1

where J,(0 < o < r) is a partition of {1,2,...,p}.

Proof. 1t suffices to establish (23). From (1) and (2), we get
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VZuyﬁ %VZWJJ

h(x*, yi)

+v§:@&@ﬁzm k=1,...,s"
j=1

Multiplying the respective equation above by ti(x*,y;),i=1,...,s*, and
adding them altogether, we have

s* P
<ZMJJ%ZMWHZ%WO
i=1

i=1

(Emen)r{Emen)

The above equation together with (3) implies

(Z frh(x*, y; )V (i: LA, pi) + Zufgj(X*)>
=

i=1

(th Vi)Y wg(x ) <Zth ,yl>—0'

i=1 jeJo

The theorem is proved.

Our dual model is as follows.

(D) max sup Z?:l tif(z’yi) + Zie.lo 'ujgj(z)
(5.60)€K (2 ) eH(s,1.7) Ef:l t:h(z, ;) )

where H(s, 1,y) denotes the set of all (z, u) € R" x R/ satisfying

<Zlhzy,> (Z 1z, i) +Zﬂjg/ )
(Z tf(z,vi) + Zu,g, )V(Z t,-h(z,y,-)) =0, (26)
i=1

i=1 Jj€Jo

> wegi(z) =0, a=1,...,r, (27)

Jjety

Jy # Jp for a # p and UJa:{l,Z,...,p}.
=0
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THEOREM 4.1 (Weak duality). Let x and (z,p,s,t,y) be (P)-feasible and
be (D)-feasible, respectively. Suppose there exist F,0,¢q,bo,py and
Qusboy Pyt = 1,... 1, such that

F(x7 z; (2 th(z,yi))V(Z (z,yi) + Z M;g/

Jj€Jo
<thfzyz +) gz > ( tih(z, i) > — poll0(x, 2)|?
i=1 jeJo
= bo(x,2z)¢ ((Ethzy, )( tfxy,+2u]gj )
JjeJo

i=1 j€Jo

)6, ( (Z h(z,, )
o))

—pall0Cx2)7, = (29)

Further, assume

and

)
(Zl/zy,+2ﬂ]gj )( zhxy,>>>o (28)
(3

az20= ¢,(a) 20, a=1,...,r (30)
Pola) 20 = a=0, (31)
bo(x,z) >0, by(x,2) 20, a=1,...,r, (32)
a=1
Then

“ flxy) S Wz i) + e, 18i(2)
ver h(xy) S tih(z, ) '

Proof. Suppose to the contrary that

Sy i 2 0i) + e, 1i8i2)
Yoy hx,) S th(z, 1) |
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Thus we have an inequality
(Z tih(z,yf)>f(x7 ) < (Z iz, v) + > gz ) x,y) Wy € Y.
i=1 i=1 jedo
Furthermore, this implies

(S (55 0000) <[5 000+ v

i=1 i=1 Jj€J

X <Z tih(x,yi))
i=1
Hence, we have

(Z iz, y,)) (Z W) + Y gl )

i=1 /GJ()

<Z tf(z,yi) + Zu,g/ > (Z tih(x>yi)>
i=1

i=1 jeJo

< (i: tih(z, y,-)) (Z u_,»g,-(x)) :
i=1 jeJo

Using the fact that Y7, tih(z,3:) > 0,37, wegi(x) <0, and the last
inequality, we have

(2 tih(z,yi)> <Z tf(x, yi) + Zujgj )

i=1 ]6]0

J€Jo

(Z tf(z,00) + Y ez ) (i t,-h(x,y,-)) <0. (34)
i=1 i=1

From (34), (31), (32) and (28), we get

F<x,z; (2 Zih(z,yi)> (Z tf(z, vi) +Zu,gj )

i=1 /GJ()

(Z tf(z, i +Zﬂlg1 >V<Z lih(Za,Vi)>> < —p0||0(x,Z)H2.

i=1 Jjedo
(35)
Using Y0, tih(z, i) > 0, (27), (32) and (30) we get
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)d)a((i:tih(z,yi)) Z,u,g,(z))) <0, a=1,...,r,
i=1 =

and whence from (29), we have

F(x,z; <i: t,-h(z,y,)) (/Z,ungj(z)>) < —paHQ(x,z)Hz, a=1,...,r.
i1 =

(36)

Now, on adding (35) and (36), and utilizing the sublinearity of F and (33),
we obtain

(xz (Zt, zy,> (thzyz +Zu,g, )

=1

- (ZS: HESOEDY ngj(2)> \ (ZY: t,-h(z7y,~)>> <0,
P

i=1 J€Jo

which is a contradiction to (26). This completes the proof.
Similar to the proof of Theorem 4.1, we can establish Theorem 4.2.
Therefore, we simply state it here without proof.

THEOREM 4.2 (Weak duality). Let x and (z,u,s,t,y) be (P)-feasible
and be (D)-feasible, respectively. Suppose there exist F,0, ¢, bo,py and
Qusboy pyso0 =1, ... 1, such that

¢0<<ZS: lfh(z,yf)) (Z (i) + Y migi(x >

i=1 Jj€Jo
(Z 1f(z,3) + > gz ) (Z tih(x7yi)>> <0
i=1 JjeJo i=1
= F<x, z; (Z t,~h(z,y,-)> <Z tf(z, i) + Z 18z >
i=1 i=1 Jj€Jo
(Z W ERTNE e )v(z rz-h<z,yz~>>> < — pollOx, )P
i1 €T i=1

and
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(Zu,g, le Z%) 0

Jjed.
= F(xz Zthzy, Zung/ ))
i=1 JEJy

<_p1”0(X7Z)H27 OC:l,...,V.
Further, assume (ref34), (31), (32) and (33) are satisfied. Then

f06,p) i iz i) + D e, 1gi(2)
Wty T S

THEOREM 4.3 (Strong duality). Assume that x* is a (P)-optimal solution
and Vgi(x*),j€ J(x*) is linearly independent. Then there exist
(s*,t",y) € K, (x*,1*) € H(s*,t*,y) such that (x*,u*,t*,y) is a (D)-optimal
solution. If, in addition, the hypothesis of Theorem 4.1 or Theorem 4.2 holds
for a (D)-feasible point (z,u,v,s,t,y), then the two problems (P) and (D)
have the same extremal values.

Proof. By Lemma 4.1, there exist (s*,7*,y) € K, (x*, u*) € H(s*, t*,y) such
that (x*, pu*,s*, ", y) is a feasible solution for (D), optimality of this feasible
solution for (D) follows from Theorem 4.1 or Theorem 4.2 accordingly.

THEOREM 44 (Strict converse duality). Let x* and (z,u,s,t,y) be optimal
solutions of (P) and (D), respectively. Suppose that Vgi(x*),j € J(x*) is line-
arly independent, and there exist F,0,¢q,bo, py and ¢, by, p,,0=1,...,r,
such that

F(x*vz; (Z tih(z, i) ) (Z tf(z,yi) + Zu,gj )
i=1

i=1 JjeJo
(Z iz, + Y ez >V<Z tih(z,yi)>> > — poll0(x",2)|°
i=1 jedo i=1
= bo(x",2) <<lehzyt><zlzf X Vi +Z!’ng/ )
i=1 Jjedo
(Z sz Vi +Zu,g, ) (Zth >y1 )) = (37)
i=1 J€Jo

and
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_ ((Zthzy, Zu/g,
JjeJo
— F<X*)Z; <XS: fih(Z,J’i)>
i=1

S pocHO(X*vz)Hz?
Further, assume (30), (32), (33) and
Po(a) =

Then x* = z; that is, z is a (P)-optimal solution.

)=

> u;ng(Z)> )

ieJo

a=1,...,r.

0 = a>0.

X.-M. YANG AND S. -H. HOU

(38)

(39)

Proof. We shall assume that x* # z and reach a contradiction. From

Theorem 4.3, we know that

Supf(x*,y) _ Dot L2, 0) + D g, 1y81(2) .
erh(X*vy) Zzs':l I[h(Z, yi)

Thus we have

Jj€Jdo

(Z tih(z,yi)>f(x*,y) < (Z f(z,v0) + Y wg(z
i=1 i=1

This further implies

> xhy) VyevY.

() ()« (S )
— JeJo

i=1

()

Hence, we have

o)
(Z iz ) + Y gz

i=1 Jjedo

=1

0 + > g(x )

Jj€Jo

)(gwe)
< (Z t[h(z,y,»)> (Z u,-g/(X*))-

Using the fact that Y. #ih(z,p1) > 0,30, wgi(x") <

inequality, we have

0 and the last
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<Zs:lih(z>yz‘)> (thf X )+ wg(x” )

i=1 J€Jo
(thz v+ ez )(Zrh m) <O0. (40)
i=1 jedo

From (40), (39), (32) and (37), we get

F(x*,Z; (izﬂ(z,yﬁ) (thz Vi —i—Zu]g, ))

i=1 jedo

(Zszy, +3 ez >V<izm<z,yi>><—p0||0<x*,z>||2. (41)
i=1

i=1 JjeJo

Using Y.i_, tih(z, ) > 0, (27), (30) and (32) we get

Z)%((ZX: tih(zaYi)> <Z M_,-gj(Z)>> <0, a=1,...,r.

From (38), we have

(x z; (Zthzy, Z,ung/ )) < —p%|]0(x*72)H27 a=1,...,r.

JjeJS,,
(42)

Now, on adding (41) and (42), and utilizing the sublinearity of F and (33),
we obtain

F<x*,z; (i: t,-h(z,y,-)) (Z tf(z,yi) + Zﬂ,gj )

i=1 j=1

<Z tf(z,v0) + Y wg(= >V<Zthzyl>> 0,

i=1 JjeJo

which is a contradiction to (30). The proof is completed.
Similar to the proof of Theorem 4.4, we can establish Theorem 4.5.
Therefore, we simply state it here without proof.

THEOREM 4.5 (Strict converse duality). Let x* and (z, u, s, t,y) be optimal
solutions of (P) and (D), respectively, and suppose that Vg;(x*),j € J(x*) is
linearly  independent, and there exist F,0,¢q,bo,py and ¢, by,
Py =1,... 7, such that
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((Z’h Z, i ) (Z )+ Y g (X )

Jj€do
(Z 1z, v0) + Y gz ) <Zf'h( m))) <0
i=1 jedoy i=1
F<X*7Z; (Z tih(z, i) ) (Z tf(z, i) + Z,u/gj )
= i=1 VEN
<Z Wz, )+ Y gz >V<Z lih(zvy/))> < — poll0(x", 2)|?
i=1 Jedo i=1
and
_ ((Zzlhzy, Z,u/g, )><0
i=1 Jjedy
= F(X*,Z; (Z tih(z,yf)> (ZM_;V&'(Z)>> <=p,I0(x", D)%, a=1,....r.
i=1 JjeJy

Further, assume

>0 = ¢y (a)=20,0=1,...,r
¢0( >/0 — a>07
bo(x*,z) >0, by(x*,z) =20, a=1,...,r,

p0+zp1 =0
o=1

Then x* = z; that is, z is a (P)-optimal solution.

Remark 4.1. (1) If ¢o(t) = ¢, (1) =t,a=1,...,r;b0(x,z) = by(x,z) = 1,
a=1,....r;J0=0,J3={1,...,p} for some f,J, =0 for o # f; F(x,z;a) =
n(x, z)Ta; and p, =0, =0,1,...,r, then it is obvious that theorem 4.1-4.5
above reduce to Theorem 3.1-3.3 in [4]. If ¢y(¢) = ¢,(t) =1,
a=1,....15b0(x,2) = by(x,2) = La=1,...,r;Jo0=0, Jpg={1,...,p} for
some f3,J, =0 for o # f8; then it is obvious that theorem 4.1-4.5 above
reduce to Theorem 4.1-4.3 in [5].

(1) If ¢o(1) = ¢,(t) =ty =1,...,r;b9(x,2) =by(x,z) =1, a=1,...,r;
Jo=A{l,....p}, Ju=0,00 =1,....r;F(x,z;a) = n(x,z)Ta, and p, = 0,0 =0,
1,...,r, then it is obvious that theorem 4.1-4.5 above reduce to Theorem
52-54 in [4]. If ¢o(t) =, (1) =t,a=1,...,r;b0(x,2) =by(x,z) =1,
a=1,....,r;Jo={1,...,p},J, =0 a=0,1,...,r, then it is obvious that the-
orem 4.1-4.5 above reduce to Theorem 4.9-4.11 in [5].
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From Remarks 3.1 and 4.1, we conclude that the results obtained in this
article unifies and extends those of [4, 5] in the framework of generalized
convexity and dual models.

5. Discussion

In this paper, we present some new classes of generalized convexity and a
unified dual model for the generalized fractional minimax programming
problem. Based on our formulation, we also obtain sufficient optimality
conditions and derive a number of duality results for the generalized frac-
tional minimax programming problem under the assumptions of general-
ized convexity. It is noted that the previously known results in [4, 5] are
now some special cases of our results. In fact, by appropriate choices of
the partitioning sets Jy,J,,a =1,2,...,r, we are able to obtain a number
of interesting new situations.

We remark that Lai and Lee [9] and Lai et al. [10] had considered general
non differentiable minimax fractional programming problem in the form:

TA %

/ minimize  sup fx, ) + (x x)l

(P) yeyY h(x,y) — (XTBX)7
subject to  g(x) <0,

where 4 and B are n X n positive semidefinite matrices satisfying

fe,9) + (xT4x)'? =0 and h(x,y) — (x"Bx)"* >0
V(x,y) € X ={x e R" : g(x) <0}.

They introduced two dual models for problem (P) and proved duality
theorems under convexity, pseudoconvexity and quasiconvexity conditions.
It will be interesting to see whether or not the dual models and the corre-
sponding results developed in this paper still hold for the above nondiffer-
entiable minimax fractional programming problem (P)’.

We also note that the minimax fractional programming problem (P) in
this paper reduce to the generalized fractional programming problem (P) in
[11, 12] if Y is a finite index set. And our results greatly improve, unify
and extend the work in [11]. Meanwhile, based on the ideas in [12], the
study on saddle-point type optimality criteria for minimax fractional pro-
gramming problem (P) will be pursued in future research.
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